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, IEC‘[ANGULAR (OR UNIFORM) DISTRIBUTION

m}. A random variable X is said to have a continuous rectangular (uniform) |
;pution oveT an interval (a, b), i.e., (—eo<a < b< o), ifits p.d f. is given by :

1 .

f(x;a,b) ={b_ﬁ'tfﬂ{xﬁb ... (9:19)
0, otherwise -

— l

Remarks 1. a and b, (a <b) are the two parameters of the distribution. The distributin is

d uniform distribution on (q, b) since it assumes a constant (uniform) value for all x in (a, b).

L The distribution is also known as rectangular distribution, since the curve v =f(x)
«ribes a rectangle over the x-axis and between the ordinates at x = 2 and x = b.

é.[Abt]miform or rectangular variate X on the interval (a, b) is written as : X ~ U la, b] or
-R[a b).

4. The cumulative distribution function F(x) is given by :

0 . x<a
= { =4
F(x) = b—a a<x<bh .. (9-19a)
1 . x=2b
Since F(x) is not continuous at x = a and x = b, it is not differentiable at these points

d
1‘“551:(1} = f(x) —;_az 0, exists everywhere except at the points x =a and x = b and

Msequently p.d.f. fix) is given by (9-19). ‘ -
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FUNDAMENTALS OF MATHEMATICAL §TAT
T

9-30 form pd. fix) and the corresponding distribution funcy,, Ix)
{ unlla Y L]
5. The graphs ©
given below: Fi0 4
f(x |
1‘ -
Y 8 — b !
e |
b-a " : "
| ' i
1 — 0
o— > T

6. For a rectangular or uniform variate X in (-4, ), the pdf.is given by : )

%,—uc:xc:n
(51

Je)= 0, otherwise

9:3.1, Moments of Rectangular Distribution. Let X ~ U [a, b).

b
= | ety [ raeis (GEF)
In particular
Mean = "':_l? '%ﬁ) ="b'%£ 1327
and Wy’ =b—£E %——):%(hz+ab+:ﬂ)
Varianr:e:|.lz'—j.ll'2=]§(b2+ab+ﬂz)—[ %{b+a}}2= -lli(b_ajz ... (620

9.3.2. M.G.F. of Rectangular Distribution is given by :

; b 0
Myl =J grﬁx}d::L o dx= S 120 (52

9.3.3, Characteristic Function of Rectangular Distribution is given by:

b
; gl _ .
ox(t) = l‘ e dx =?E|;b—f:]" 20 ... (9:20d)

9.3.4. Mean Deviation about Mean, ) of Rectangular Distribution is givenby:

b
v =E| X - Mean| -=J |x - Mean | f (x) dx

b b-a)/2
. a+h 1 j" a+h
=3- J X ==—ldx=7— |t dt, wheret=x-"7"
‘ 'I 2 I b2 ) _-a

J {b = “}a"! (QEM

-1 N
=p-a-2 rdt=b4—“
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PROBABILITY DisTRIBUMONS 9.37

s pr T S .
F - J (" - R _ - .
_I’l" I (-1 l_h:(l){"‘"I‘l“__..]n-lrh

[
.It'hﬁil'(r:.]“i

beta-Integral
|
J 1""‘“-!}" ‘IR[HT “-I__IH In

—— "
(1-x) *dlt( l)[na-l”\{lirl.ﬂ*l*”

Il""*'l'lll l"ﬂ'!'l"ﬂ
1=l t) 1y,
1"*”* F:L,, “_g =],

DISTRIBUTION

Hnn A random I‘J'W

g b), i uts pad s groenm by @ trangular distribubion in the

Xb-x)
F-ab-grc<r<h -+ (9:21)
sl Wewrnte X = Tre
diagram BB with peak at x =€ The graph of the pd f 1 she wnTh
tu) & A ;
f(x)
LY
0 Ala. D) -

L The distnbution is so called becay

se the graph of o
Themgf of Try (a, b) variate, BRAPh LS palf 15 a trianghe with peak at x = ¢,

withpeak atx = ¢ s pwen by

My(1) -] é f () .::-(] I é fla)dy

:b-_.n..-_'-.}I ‘“[“"N“m] e (b -x) dx /
= — ! e )
FIIH-H TETTN (c=-a)ic-h)~ 'h__ﬂ“b_c]].u <c<h . (9210)

(Cn integration by pars,

Mhr taki = . =
hlhg“mhmn: Oc=Tand b =2 in(821), the pdf. of the Try (0, 2) variate with

lr. *0Dsx=
Kx)=§ 2-x; 12x52 211
0, otherwise - m)

Scanned with CamScanner



9.38 FUNDAMENTALS OF MATHEMATICA| STAT|

and itsmgf i M) = (¢ =17 /B,
which is left as an exercise to the reader. SNUEY
5. In particular, replacing @ by - 24, bby 22 and cby 0, the pd f. of triangular gy,
the interval (-2, 2a) with peak atx = 0 s given by : Ut

_ (+x)/40%; -2 <x<D
fix)= (u-x)/da%; O<xela . 92
The m.g.f of (9214d) is given by

at 1 0 %
My (1) =J_2""ﬂ-ﬂdf=m”_mr"{2n+x}d.r+l . :"[zﬂ-x}dx]
S fenfzex e 2aex ]
_E[fr[ g 4'2}]-h+m[rrl 'I*-ﬁ”n m“*““‘l;mtingh}’r'i

1 2 1 1
=E[—F+F{fh’+f‘ml]= W[rhl‘*,r—lﬂf_z],_[ ﬁ_’{:ﬂf_r-dl'jr
Aliter. We may obtain (9-21) directly from {9-2a) on replacing a by -24, b by 22 and cby

Example 8-29. If X and Y are .i.d. U (- a, a] variates, Jind the pdf of 7z = x
identify the distribution. fZ=X+yq

Solution. Since X and Y are i.id. U [-a, ), we have : [cf §9-3-2],
Mx(t) =My(t) = (e - o)/ (2 al)

2
MJ: n,[l] = M};('] }l.-h{” ={ % (,_:ﬂ = .H’]} ,since Xand Y are indepmdenL

But, this is the m.g.f. of Trg (-24, 2a) variate with peak at x = 0,

|c.f. Remark 5, equation (5:21¢)

Hence by uniqueness theorem of m.g.f, Z = X + Y ~ Trg (22, 22) with pdf.
given in (921d), Remark 5.

Al'ﬂ'r. h1x+r {.I‘} = ELF (E:'u -2+ E—?..If}

_ E[ g2at (ot et
TRLC2-0)(<2-20) T ©+20)(0-20)" (21-0) (2a
which is of the form (9-21a), [c.f. Remark 3], with a replaced by — 2a and b replaces
2a and c by 0. Hence X + Y ~ Trg (-24, 20) with peak at x = 0 and p.d.f p(x)gi
(9-214).
‘Remarks 1. The distribution of X + Y has also been obtained in Example 927,
2. Similarly we can find the distribution of X - Y.

My (1) = My (1). My (-1) = { et - ) } [From (1
= X =Y = Trg (-2a, 22), with peak at x = 0.

9-5. GAMMA DISTRIBUTION .

Definition. A r.v. X 1s said lo have a gamma distribution with Fgmiri'u*h‘r A0, IfH-"'
p.d.f. is given by :

eryl-1
T A>0.0<x<m (922

0, otherwise -

fix)=
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| X hn“\'\'“ asai,
il ;
F""'Il. ‘-.ll--“l_l' WI”‘. 'I'I“r;'n“-.“.: ]1 ‘r“l 'ﬂ'l"l"‘ll '“ A rl-‘-l

pe fuction fix) defined above TP o byt

l“‘”'“ ! ]“ e
¢ () nr ol

continuous random varigh), v h
with two parameters & 4503

Uiy lanctlon, since

L) m
(1] Nl

Wing the I'u'llu'p-nrlp1 P S 1 mald 10 have a gamma

o = rm”
0, olherw ise (9 2Lla)

Aoy,
(] 'J:.Illji"“.”l‘.'l;._

A x -Ttnl 1] Tllhlnp,u' = 1 1 [u 1111.
[ ¥ mmm"“ﬂﬁ" JL‘iﬂi-uh.m function. e

| ¥
n.r‘ Lig) olig = 1—‘;} l [T Ydu, x 1)

LI
”l it h-'ni'l,'ﬁl" . _IH Jﬂlj

Wt e (4

223 Hetee we may w -

mplete pamma funceim i defered as

L

F'[ tﬂ =

| 951.M.GF. of Gamma Distibution, M ¢ abwout pri

RN s given by -
i A 1 1 -
ML) =EE = | o = T lu'“'" ikt

1 J‘ 1 r
e o 1 B T | - _ﬂ'.’._
o nf ™ldy= T[l'!‘ﬂ-ll"'” | <1

0 Mgty =(1-00% 111 <l (027
¢.52. Cumulant  Generaling Function of Gamma Dishibution. The

! tgﬂnmtmg function Ky(!) is given by :
Kylf) = logMy(h=log (-0 =Qlog(l=1); 11«1
=i.(l'+ £ . £ + & +)
i 3 4
Mean =x; = Coefliclent of f in Kg{th = A

a

= My =x;= Coeellicient n[.!;'!m Kx{th =4
if X =v(), Mean = Variance = L
l'l
By =Ky = Cmiﬁrimtu]'i—! in Klt)=22

1
Ky =Cu-elﬁriunlul'£‘—!in}:x[l]=ﬁl = =K 3xy=6A+30

py 42 4

TS
Hence ﬁ1= F: P Y and ﬂ.‘_ I

TR

bution, the mean and varlance of e Camma distnbution are

' , 1
s 1. Like ['oisson distn while Gamma distribution is continuous.

lqunl However, Moisson distribution s discrete
2. Uimifing form of Gomma distribuion 3 - = We knaw that £ X - y(3) then E (X) =

(say) Then standard gamma variate is given by:Z=

o

{ [(say) and Var (X) = A=0",
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9.40
4

' '}..
B - . —uf 1-2) =T (1)
M, (1) =exp (- jit/0)M(t/0) = exp (- ht/0) ( ﬁ) VI (1 41)

! | — 1
= — - —— =~ }\- |- ?». ( e )
= K4(1) '\H.r i.lng(l {1) 'J— 41" 2% + 39071 +...

2
==Y\ 1+ YA l+!2-+ﬂ{.7'|-'”1),

where 0 (A-172) are terms containing A1/2 and higher powers of A in the denominator.

: B : _ 2
:L"-T- K, (=5 = 111-?1- M, (1) = exp(t*/2)

which is the m.g.f. of a Standard Normal Variate. Hence by uniqueness theorem of m.g
Standard Gamma variate tends to Standard Normal Variate as % — ==. In other words, Ga

distribution tends to Normal distribution for large value of parameter A
3. For the two parameter gamma distribution (922 @), we have

-A
M; (1) =(1— -f;‘-) jh<a. (923

Proof is left as an excercise to the reader.
: IR AEIAY _
Also KK{I]I =-llﬂg{1—ﬂ—)=ll E+E(E) +§(E) +...};I<ﬂ

Mean = x, = A/a and Variance = X; = A/a*=Mean/a
Hence Variance > Mean if a < 1; Variance = Meanifa=1; an

9.5.3. Additive Property of Gamma Distribution. The sum of independent Gam
variates is also a Gamma variate. More precisely, if Xy, Xy, ..., Xy a7¢ independent Gam
variates with paranteters Ay, Ay, ..., A respectively then Xy + Xg+ o + Xy isalsoa Ganima

variate with parameter Ay + Ay + ... + Ay
Proof. Since X; is a y (A;) variate, Mxi H=(1-HM
The m.g.f. of the sum X; + X3 + ... + X is given by :
MK,_ + X+ xl(t} = MX,U) sz(f} Mxi(f), (- Xy, Xy, ..., Xy are independent,
=(1- 1)41 (1 - t}‘lz (1 . f}-hi - {1 . U—::I., +ha+ ..t A

which is the m.g.f. of a Gamma variate with parameter Ay + Ay + ... + ;. Hence the
result follows by the uniqueness theorem of m.g.f.'s. ]

(923
d Variance < Mean ifa > 1,

Remark. In general, if X;~Yy(a,A),i=1,2,..., nare independent r.v."s, then

i}: Xi~7y (ﬂ. )I.l. ?l.).
-l el i
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do 4o VIR
1] (x-m='1tx)dx+‘—,] (x =¥+ 2. flx)dx
a/-= o

I~J
h.J

—_——

1
'_‘_l u2r+_,_ Hare2
a a

= Pmﬁﬁz}lzr"'ﬂg‘%'

9:2.15. Log-normal Distribution. The positive r.v. X is said to have a log-
normal distribution if log,X is normally distributed.

LetY=log,X ~ N (1,0%). Forx >0,
Fx{x]=F(X£x]=P{Iog,Xslng,x} =P(Y<log. x)
(Since log X is monotonie Increasing function )

- log x
N uﬁ_I exp {~(y-pn?/20%) ay

[Since Y ~ N (1, 0%)]

:FI exp ( — (lng u—u)’qu’l %ﬁ, (v=logu)

F -
orx<0,Fx(x)=P(X< x) =0, because X is a positive r.v,
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(ONTINUOUS PROBABILITY DISTRIBUTIONS 9.29

M#ddh'ie

1
. =(log nu-u)/2 gt
0 ‘l;"u{:—; exp {-(log u-pP/20%, u>0 D)

en Fxlx) = [_ fx(u) du, for every x and hence f (x) defined in (917) is a pud.f.

;n,ux ~ N (i, @), then Y =¢%, is called a log-normal random variable, since its
log Y = X, is a normal r.p.

Joments. The rth moment about origin is given by :
w =EX)= E (™) [+Y=lgX = X=¢"]
= My{r) (m.g.f of Y, r being the parameler)
= exp (ur+37°0%) [+ Y =N, o
Remarks 1. In particular if we take j = log w u>0,ie, logX-N (loga, o) then

B =E(XN=explrloga 1-5!’{!-'! = af.exp |F a' /2] ... [9:1Ba)
Mean = =Wﬂln and By =y~ i‘1-|"==tl'.llll."‘!l {‘-I"!._ 1)

normal distribution arises in problems of economics, biology, geology, and
theory. In particular, it arises in the study of dimensions of particles under

e (3-15)

X_ is a set of indgp-mdrnﬂy identically distributed random variablies such
i ¥, {s y and its varlance is a!, then the product X,. X; ... . X, is
' o logarithmic normal distribution and with mean p and

| I'Ir xlp -
of each log
y distributed according t

ULAR (OR UNIFORM) DISTRIBUTION
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