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ks 1, Whena r.e is normally distnbutesd with mean - and standdand deviativn o it

o write X is distributed as N (i, 0F) and s ex aressind by X = N (1 o)
0mary K I
VX~ N a’), then £ = }F_J! sis a standand  normal variate with F(7) = 0and

(el and we write Z~N(@O1.
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“dvariate,

Result 1, G(-2) = 1-@(),2>0

Poo, & (-2) "Ilil-l‘['.’!;:l-l T

pEs-:=MN 23

m( &-;-"-) -m(‘-'i—"—).whm- X~ N (L o9

"

Wiz pasxsh

Scanned with CamScanner
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94 !'7*?!5'
(tszst ) (2-%:0) '
oot Plasyeh =17 5 :
!-:p) .(., o p)_ by
oo ) 1) )
Wy u L ] I 0
l Ihf \'II‘F "Ii‘l "‘I 1‘ i'”ni"l“ r“| ‘-'],.”l.ll Curve [11I I“P i f ”H |“|“ lilllh.:1
a [\‘f‘hfh\ values of 0, the curve rends o atten out and for gy all v MUy [ iy, i,
nued i o h-
sharp peot
¢.2.1. Normal Distibution as @ Limlting form of Binomiq Digy
Normal distribution 1s another limiting form of the binomial ult-.lnhul: ny fion
| Nl
followiny conditions dey e
(1), the number of trials is indefimtely large, e, 1= = and
() neither poor g s very small
The pf ol the binomial distnbution with parameters n and IS given b
Ll 1.|--.
" * - — _' '_ — ! lt ]
;-{1}=L)F‘.F"‘ 1|1,H-1]"'1 =012, ... n [
_—
Letus now consider the standard binomial variate : )
< X-EM X-Mx o012, 0
VWIN Yy ol

When X =0, Z = ‘EI:F . = t:;] and  when X =y, 7 - -;_’Hl \j‘
N N
Vipy P

to £, HL“C@ the

=2 b} oo,

Thus in the limit as 1 = =, Z takes the values from - w
distribution of X will be a continuous distrnibulion over the range -

We want the limiting torm of (*) under the above two conditions. Using Stirl;
irling’
l‘PFtu\ln‘AhUn IIJ r ‘ h'lr ]d[!‘v r tlr‘_ . |Ill'l r [ - \‘r_“: - ¢ ”““" B s
F-t=
we have in the limitas n = = and consequently x = o,
' !
lim P (x) = lim 'lri—ﬂlr"' n"tap q ]
W2rety' V2ot (n -*.t)""’%
= lim A U’_ﬂ]}l:'_
\21: '\'up, ”” ) "
r “I 1
= lim |— Jl) ( g )
Lm npy n-x o {u.)

From (**), we get X=mp+Z\npg = : =1+Z ‘\[—
1
Further ’
n=X=n-np-Z\upg=ng- Z\anq:; -1 £'\J . Also dz=— dx
Hence the probability differential of the dlstnbuuun of .g‘:, in the limit is:
4G 2) =g (2) de = lim (—Hx 1)z,
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"II:(* .l-f PO |
N '(::-’ '(ﬂwj) " (92)

I
Ly ¢ ) logix/mp - !
ot N (v ¢ ;) 10F Phle(n=14 S)log{in-v)/nq)

—_— | r o ——
T N lowe e2Nainn f—=
ln."'l-'r i . k l_l L] |lJ”_F ] + [”JI . :.'qﬂfl'.i‘ ':l'] I“B I1 ':\'IUTIJ'"}?}

'1I“:‘
- puree |
¥t 4 - il - s
N Ak npd 4 3) [ N(@/np) =33 (g/mp) e 2 (q/mp)E - |
r — : . o s
(- synpg ) { -zN(p/ng) - I 2 (p/mg) - : Mp/nghi - }
— | . ] §
_-_rll:l‘!ljlr'r _._.;‘ ‘F:-‘l|:1II.'+::l||_f:1'f‘**|_ L!ul_-.: ‘L )
vmp * wnp 2° Nomp 47 17”1' '
— g, 1o, 2. lap? S

N~ NN —3 P =g 3 5= :¢|'...,1I_ 1,0 I 3

l vpl -3 513 Vo t2ipese \Ilu'l.-:.‘.I'f"Il-i:. f!__ . ”

_ds o 2 (1.0 1
=[ 3 * (pey)e U“'*ﬂ‘h."(r*q]rl'l{n'-'}l

! =
.z c O VF) = Sasn =

" i
lim log N = 3 =3 imN=r¢""
g -
sttuting i1 (9:2), we gt
.. (9-2a)

: 1 on
IGl2) = g(2)dz s =0’ s, -m<zm
V2%

it the rw[-.,;luhty function of Z 18
¢(z) = 7= (R iz .. (92b)
) Yo R

of the normal distribation with mean 0 and

% iy the probabi lity density function

ane
11 pormal variate with mean p and sd o, then = 1.'{ '.””.u'
1/a. Hence substituting

2 yanate. Jacobian of transformation is ' bt
4 1normal variate X with £ (X) =] Var (X) = 0F is given by .
1 r-[lpl’.':n"_ﬂ.{lc-

avlx

0, otherwise

Wt Normal dustribution can also be obtained as 2 limiting case of Potsson distribution

.L'?-umf 1 — -

1 tribution and Normal
I Chiet Characteristics of ot on e deviation

?.h Curve. The normal pmtubiht:.' cury
" the equation

is ﬁ-l.’ll‘lddl‘d

fyly) =

the Normal Dis
¢ with mean

| -lf-#fl':"‘ ™
) =— [ ’

Mr ﬂ } o : x
*T the following, pmp('rlil'.‘- :

" The funve v mmﬂﬁﬂ]
. 15 bell-shaped and sy - .
et g g mince of the distribution €275
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9.6

(i) As vincreases numerically #1) decreases rapadly. the maximum Probalitiyy

I:I h‘]]"“,lb » q " =

occurring at the point « = and is given by . ¥

() =0 and b, =3 5
() Pagy =0, (r=0,1,2, ) and 125, (-Dev (r=0 12 )
(t4) Since £ (v) being the probability, can never be negative. no portion of the
curve hies below the 1-axis.

(t01) Linear combination of mdey

(i) x-axis is an asymplote o the curve.

sendent pormal vanates s alsoa normal variate

== . N "
(ix) The points of inflevion of the curve are ;1= 20, /(1) - oNIn ‘

X
Fig 91 Normal Probability Curve

) 4
(x) Mean deviation about mean = ‘\’I‘—‘ 0= - 0 (approv.)

() Quartiles are given by :
Q, =pu-06M5a; Q@ =pu+067450

(x) Q.D. = Ql;—kh :% a. We have (approximately)

Q:D.:MD.:SD. :: j0:
(xiit) Arca Property :
Plu-o<X<pu+a)=06826, Pu-2a<X<p+la)=0954,
and Pu-3o0<XN<p+30)=00973
The adjoining table gives the area under the normal probability curve for some
important values of standard normal variate Z.

LT

Distances from the mean ordinates

Q"I‘m‘ﬂ = “ m

r;jj{;i txl;mdx}‘ :;re independent standard normal variates, then it can be casily
5 NG ;} +YandV=X-Y are independently distributed, U ~ N (0, 20and

We state (without proof) the converse of this result which is due to D. Benstein.

intermsof o Araa under the curve
L= f[‘?-tq S - ﬂsﬂ |
£ =21 68.26% = 06426 |
Z =119 G5 < QS !
7 = +10 5% = (Y5 i
e 95.44% =09544
Z=1%258 gAY, = .00 |
Z=230 e |
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b '.:,";ﬁ:";,’,h'"', and identically distributed random
dAV=X-Yare midependent, thew all r.o,'s

(tein’s Theorem. If X and Y yrp
# h finite vaniances and if U =
".'.‘:r.f v are ormally distributed,

g » below ano . :
Westale below another result which characierises the

| ormal distribution.
arance, then the

A ST Xy are tid. ro's with finite v
commaon ':ll"'h'l'huliun is

(s o2 )
L fle
i and only if:

l"l-l

I'I- 3 ] X ¥ -ln W T‘I‘
r1}_,‘q;..1.nds-=ﬁzl{l,-—h ) or lJl.', and i[}:,-i):
= (B | =1

are independent.

e following sequences we shall establish some of these properties

3. Mode of Normal Distribution. Mode is the
g, L2 mode is the solution of

f{(x) =0 and f*(x) <0
.enormal distribution with mean p and standard deviation o,

log fix) =e——[x=
og fix) =¢ 2 (T2,

value of x for which fix)is

<c=log (1 ;m @), is a constant. Differentiating w.r. to x, we get
fad W =L s e Leenw

v ) =-#[lﬂrl+{r-plf'{xl]=— 12’51[14‘—‘—‘—"1' .. (93)

n?
fly =0 = x-p=0. = x =p Althe point x =, we have from (9.3 :

f"{x>=-:;,mxnm=-‘ L <0

a’ aV2n
Hence x = M, is the mode of the normal distribution.

124, Median of Normal Distribution. If M is the median of the normal
'fn:luﬁun, we have

M M . ]
l' finde=l o ] J exp [- (x—p)?/20%) dx =5
o 2 avin

= -

M 1
s [ 2 1 ] (- (x— /(207 dx =4
l__ exp [~ (x—p)2/2 0%} dx + g o

" ey (94 e
| .___'I___‘ " 1 0 {_-:.)'Z}Ii:\!:l f
u{f‘;l__'-‘lp ['(I—HFIIB’}dx=E. B exp (-2 3

M 1
From (9.4), we have %—+ 2 B exp [ - (x=p)*/ | 3

; 1|-—-. M [ = M.
— - i 3 n-.' d]- - D' r‘E_‘ '_l
LR !“ Exp{ (x u)/2 i |
®, for the normal distribution, Mean = l.'ulw.in;-.nﬂ::mm'I Lasibution mean, median
'i'dt l‘_. From §923. and § g.2.4, we find that !’m; the
cide. Hence the distribution is symrurfnm A

]
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9.8 FUNDAMENTALS OF MATHEMATIGA| STAT
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9:2.5. M.GF. ol Narmal Distribution. The m.g f (about origin) is Eiven by .
J. et exp (= (x=p)/ 207 dx

My (1) =J ef" fix)dx=

ﬂ;.ﬂ

i, {LJ exp [t (1 +02)] exp (-33/2) dz, (== =

- el J exp [~ (3 - 2taz)) dz

*l

'I‘J
'l

=r“'%‘[ exp [—%l{:-cﬂ]z—ﬂ: 1?]]dz
vimd-=
=rFElHﬂ‘fzx;FJ exp [—:% (I—H.f}:}d:
Tf -
= e o 2y ;\’:I exp (-u?/2) du
Ed-m
Hence My(t) = ewir o132 e (95)

Remark. M.G.F. of Standard Normal Variate. 1f X = N (1, o?), then standard normal variate is
given by : Z=(X-p)/a.
Mg (1) = ew/a M, (1/6) =exp (- L 1/G). exp {tut/a) + (F/a?) (@/2)] = exp (F/2) ...(95q)
Aliter Z -~ N(0, 1). Hence, takingp =0 and o° =1 in (9:5), we get :
M) = exp (1*/2).
9.2.6. Cumulant Generaling Function (c.g.l.) of Normal Distribution. The c.g.f
of normal distribution is given by :

Kx (1) =log, Mx(t) =log, ("7} =l +!¥
Mean = x; = Coefficient of t in Ky (1) =}
Variance =x; = Coefficient of 1 in Ky (f) = o
and %, = Coefficientof - in Ky (1)=0;r =3,4...
Thus My =x3=0  and p=x+3% = 3¢
1
Hy
Hence By = 5=0 d =M 9.6)
l ]-l: dan ﬂ: u; =3 aed rl

giv;'::: Momenis of Normal Distribution, Odd order moments about mean ar€

Hiny = J ‘I“Hih"ﬂxldﬂ;lﬁj (x = )21 exp {-(x - p)?/2 0° |

. —‘—1—-
e “Inil =, ‘r'—-l [ﬂ‘ I‘-}:""‘] 'E:P ( zzi"z}dz (z =1-:H|)
s a
FJ *exp (-22/2) dz = 0, -7
since the lnTEgram:l f"r

is an odd [ unclion of z.
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. or momen
ven onde A nts about mean are given by :

oo TR | - - ;
. J-- {‘I u] f{‘]lh ‘ET;I i {U :]'I”l‘ﬂl(-ZJf:)lJ.‘.'

T -

= | Peplae. o, [T
\:ﬂ = - L] J?_E' - g :n’l ‘l‘r. (_:lleif:
7™ - 5 | {Singe Inteprand s an even function of 2.)
8] ——— (2!]'1'. {_Hi s
Yan Jo v ° (= 5.‘)
an n:q - 1
by, = - piHigl=] e
W Vi 0 LA L =5 My, =-J_t_’.__‘ r[”‘_;_]
n
Changing 1 to (n = 1), we get
I+, g3 "
I'! = - -
Faes vn 4 [ "=3 )

..E,I"_ :ZU:_F(" + il)

Hin-2 [n-;:, =201("‘%)

[T =(r=1)F(r-1))
= Man = 0% (20 = 1) Py
«hich gives the recurrence relation for the moments of normal distribution.
from (9-8), we have
Han =121 -1) 0% [(2n - 3) 07] iy
=[(2n-1) a®|[2n =3)6?| [2n - 5) %] py,
=[(2n=1)a*] [(2n-3) &?] [(21 - 5) 07] ... (3 &%) (1 6?). jg
=135 ... (2n-1) g™ ... (9.9)

From (97) and (99), we conclude that for the normal distribution all odd onder
womentls about mean vanish and even arder moments about mean are given by (9:9),

Aliter. The above result can also be obtained quite conveniently as follows: ‘

.. (98)

The m.g.f. (about mean ) is given by : E [¢5#] =W E (%) = e My (1),
where My (1) is the m.g f. (about origin).
- mgf. (about mean)=c* ghisre'i2  Joi2

= [1 +(Ro?/2)+ (Fc;;m: + {Ff{zp +.. 4+ !'I—'f1-,—;ﬂ+ ] ... (9-10)

- nt aboul mean. Since there is
The coefficient nf;-! in (9:10) gives |, the rth mome

der about mean vanish,
i fit t (9-10), all moments of odd or
:::n term with odd powers ol l ( ,,3,,, i

o x (2n) |
wd iy = Coefficientofgogy in (910)="7wyy

,_ff';? [2n (2n-1) (20 =2) @1 -3)...54321]
T

_ 8" [135...@n-1]][ 246 (12 1]
“2.n!
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¢ s ez o
= = F'-_I - \
=1.35. . (dn- D as
A (vY), " I} a4 . =
Rfl"-'ll-'* In 11_1{”;1”.‘-?. rom 14 Tl an ¥ . &, « "
! "c'r' \ ” B
¥ 1he re=u s Wiy b kv ¢ alread. 1
-TrJL ‘ ¥ Down
Hence ﬂ van 1 “. f‘-' iy -

28.A ﬂnear combmahon ol independen! normal varicley " %
9 1) be v H‘ft*‘t:r‘ldn 1t normal van ies e r':h.
variate. Let X, ¢ , -
vanance o° I'L.]"i‘tu\l..h ﬂun :
M, (N=op [, t+(Faf 2

: v . Rarn 4 o
- linear © ationd &, X, where 8, &, = .
The m.g.f. of their linear combin v . dTp gy,

‘ |,
given by :

Mg,y () = ﬂ M, (0 (-- X/'s are independent)

:.'lf_\-_ [d’lf)- *“.1'. (ast) ... .‘-f‘-' (a.!) ! '“.‘_\ (1) = M, -
t-efo0?/2
From (9-11), we have My (& ) = 4 _

fa
o, i,

fafalelil etefala’sl T
‘“5_’;.‘(“} ,—_[t-l&-lr : X ¢ X, N

| =EXP[(£ )r+. ( i a,:u,‘)f:].

1=] =1

F‘I? :]
. g
IFT?.-f-i.

.

v, v
which is the m.g.f. of a normal variate withmean L 2,4 and vanance L ¢ ol

=1 el \
|
Hence by uniqucne‘is theorem of m.g.f. |
|
En,\ N[;uu,.fiau] Bl
=1 1= l
Heﬂﬂ.’*!‘l. If'l.\'l!t.lkedl=ﬂ_-=1.d3=ﬂ‘=. ZGIh;'n \.""t"""'LHI'U G:.G‘q F

Ifwetakea,=1,a,=-1,83=a;,=...=0,then X, - X - N (i, - u,. 0/ 409

Thus we see that the sum  as well as the difference of tuv mdependent norma! tersies 5 gl
normal variate. This result provides a sharp contrast to the Poisson distnbution. in which case ,
though the sum of two independent Poisson variates is a Poisson variate, the difference s mot |
a Poisson variate.

2. Ifwetakes, =0,=...=a,=1, thenweget ¥ .\',-.\'[ Y Xa o B IN
=] =] el

i.e., the sum of independent normal variates is also a normal variate, which establishes the
additive property of the normal distribution.

31X =12,..., nareidentically and independently distributed as N (i1, o) and if we
takea =g, =...=a,=1/n, then

1 v - -
szl V( E"*zﬂ) = X ~N@uo'/n), where X =

=] =1

2 |-

|
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o

. |.-.1-|‘ fiv the Bl IR Amportant ¢y basting
12 MY e demdi
hoally and I!r4f4"l'-'rr||'r‘ﬂ]4l'l""l"“'"""‘r'! normal arintes with ot J!

L ‘rlr Phen Hherr meane Ny il N o'
¥

9. points of Inflexion of Normal
n:il arve, We should have 17(y) . 0, .md(f:ulrr;'f !:“ o palnt of Infiexion o
4
2 i

urnnrlmlvmw-. we have from (0 UN NS ‘W" a l”’)

- I Il]'*'

_f"“] = (] LY
n’

0 > rmjtao

an be eastly verified that at the points v« b, f*(v) 2 0. Hence the points of

Il vl
the normal curve are given by v - It aand fiy) :

of
Jon e 114 0e, they are
avin

l.\t““ (ata distance o) from the mean
||,l
g2 10. Mean Dovialion About the Mean for Normal Distibution.

-

AL, (about mean) x[ N Ix=pt f(x)ddx o ‘.;2 nj lx-p) PRERIUELe

a N )
= -—= |: l i fl : .‘-‘—.jl_ -
‘r:uJI* { li, ( a "‘n)
20 [ !
=—0.| Izl e dz,
\"2!! J[} ;

(. The integrand 12| ¢*'is an even function of 2.)

gince in [0, =], Iz =z, we have

ALD. (about mean) = V2/% njn 7 iz 2/ ﬂ’ e, [zzf."’.= 1)

-\f"ﬁru| |l 2!Eﬂ=-(‘l[.‘lppmt]
DIl X ~N (i, a?), then the

rea Property (Normal Probabllity Integra
and X = x, is given by :

alue of X will lie between X = |1
J -h -/t dx

p211. A
wobability that random v

P(u<X<n) =J ﬂﬂd'“nr

AP = X-p=0Z
a

Put

R n-M| _
WhenX=1,Z=0 and when A=x1,2=¢;—21,{5ﬂ}’}-

I P -J z) dz
P{N<X<J.J=P{U¢Z<z;}=—ﬁ—_;_L dz=| 0(2)
ili i rmal variate. The
here p (2) =$r“’n, is the probability function of standard no
. ity integral and gives the area

befinite integral r g(z)dz is known as normal prubub-'m_s,r i
0
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’ o -

e by en the ordinates M7 =0 and 7 = - T i
under standard normal curve between the erding ot i 3':-» brea,
have been abulated lor different valuea of 2y, ot intervals i a table gy,
the end of the chapler

¥ep-dn Yep-29 Xepn Koy  X=joer Negyelo Yay.ss
Za-] 2u-2 Z=-1 Z2=0 Z=1 Za2 2=

In particular, the probability that a random value of X lies 1 the interval
(=@, p+0)isgiven by

pen
Pip-oc<cX<p+0) EJ' flx)dx

I
= Pl-1<Z <) =J Q) dz, [==’_::
-1 -
1
=2] o(2)d: (By symmetry)
i}

=2x 0313 =0682% (From Tables) (514
Similarly_."[jl-lu-:!-:p«rzu}=F[-1-cZ-:2}=l oz) dx

=2]n Q(2)d: =-1-:l=»-i?‘.c‘?.=ﬂ-?5{-i (813

]

and F[u-3:r-:X¢u+3n} =F[-3<Z-:3:-=I Q(z)d=
=3
3
= 2 L Q(2)dz=2x 049865 =D95T3 _ (%18

X Thus the probability that a normal variate X lies outside the range it 2 3 g is given
Y: £

POX-pl>3@)=r(1Z15>3)=1-p(3¢ Z<3)=

Thus in all probability, we should expect a normal variate to lie within the ranes
H 1 30, though theoretically, it may range from — m (g o '

Remarks 1. The total arva under normal

00027

probability curve is unity, ie,
I fix)dx =Jl Qlr)dz =1,

2. Since in the normal probability tables, we are giy
. ‘en th ey
curve, in numerical problems we shall deal with the ,,|m ¢ areas under standard m

variable X itself. andard normal variate Z rather than the

3. If we want to find area under normal curve,

- we will somealm . ot the
gven area to the fmnp[u.qz.;:l]'mm the 2 v or other try to conv

reas have been given in this form in the Tables
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distribution |-Ln,'. avery
"WIIE reasons
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Womimalte l:l I”l." ninrmal |1|\]||h”|1.,” -.I-IIH'I'I"LTI",
g bt nanpling distibinitiong, ¢ Sludent's ¢ ¢

it b tepd lnirmality gy brge At ey

gt ditoilabboms, e, can b i
II“'lil'IhI-1 f' L ht"”{”»—l“f'

it bvwnc il variabile i g tisinially diteibated, 1t can sometimes be brought 1o

mal lorin 1ty "”“l'h' Fratdarmation of variahle Jar examnple, o the distribution of

pisbewed s the dintobation of | x MRt come out o be normal lef Variate
Db imationi 5 9 00 at e cod of thyys l.'h.;|-h-;]

N = N oy, then 1 -3 X« Hedo)s'(-3< 2 «3) =097
AL TN I VY <) w027

s praperty of the normal distribution forms the basks of entire Large Sample
iy

() Many of the distributions of sample statistics (¢ ¢, the distributions of sample
tean sample vanance, et ) el 1o normality for Large samples and as such they
anbest e studibed with the help ol the normal curves

(1) The entire theary of small sample tests, viz 11, g7 tests, ete, is based on the
bundamental anstinption that the parent populations from which the samples have
et drawn follow narmal distribution

() Nommal disteitwition finds la rie applications in Statistical Quality Contro! in

histey fio selling contral limits,

e totiowing, quotation due to Lipman rightly reveals the popularity and
] UPetance of normal distribution |
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L lhe eyp,
bl o0 1s @ eathemiali al theorem, e ﬂi‘ull‘ﬁr‘.\‘mlflr'lalﬂi .\'nrru:’l et
ise h,
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thev !
crpenmen! oot ur"

w1 Youden of the National Burean of Standards, describos the im
'P‘a

Normal distrabution artistically i the following words - Oftar

‘.{*r_lill_

THE NORMAL
LAW OF ERRORS
STANDS OUT IN THE
EXPERIENCE OF MANKIND
AS ONE OF THE BROADEST
GENERALISATIONS OF NATURAL
PHILOSOPHY. IT SERVES AS THE
GUIDING INSTRUMENT IN RESEARCHES,
IN THE PHYSICAL AND SOCIAL SCIENCES
AND IN MEDICINE,  AGRICULTURE AND
ENGINEERING. IT IS AN INDISPENSABLE TOOL FOR
THE ANALYSIS AND THE INTERPRETATION OF THE
BASIC DATA OBTAINED BY OBSERVATION AND EXPERIMENT.

9-2:14. Fitting of Normal Distribution. In order to fit normal distribution to the
given data we first calculate the mean ji, (say), and standard deviation @ (say) from
the given data. Then the normal curve fitted to the given data is given by :

— I -y -1 - 3 J— o
f(x) nmcxp{ (x-p)¢/20 ], <x<

To calculate the expected normal frequencies we first find the standard _ﬂf'm"l'ﬂ
variates corresponding to the lower limits of each of the class intervals, k£ “‘:
compule 2, = (x" - p) /g, where x/"is the lower limit of the ith class interval. Then [{1;
areas under the normal curve to the left of the ordinate at = = z, say, $(z,) = P{ZTS;;
are computed from the tables. Finally, the areas for the successive class iﬂtﬂj“"ﬂ’ -
ﬂhtﬂinl‘d b}“ Subtmﬂiun__ [lf}'__' ] (:I + I) - {:I]’ {l - l.r 2' ”.] ﬂ.ﬂd on mu]tiplyms

areas by N, we get the expected normal frequencies.

il
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