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Theorem 0.22. Correspondence Theorem:

Let f : G — G be an epimorpism of groups and H = {H : His a subgroup of G, such that ker f C
H} and K = {K : Kis a subgroup of G} then the function ¢ : H — K defined by
O(H) = f(H), YH € H is an inclusion preserving bijective map and ¢(H) is normal

in Gy if and only if H is normal in G.

Proof. We know that for a subgroup H of G, f(H) is a subgroup of Gj.
—> f(H) € K and hence ¢ is well defined.

We now first show that ¢ is injective.

Let ﬁ-ﬂ:(Hl) = t;-ﬂ:(Hg)

— f(H:1) = f(Ha).
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Let h; € H,
hl) f(Hy) = f(H2).

(h) or some hy € Hy
hy') =

hih3' € ker f C H,

hihy' € H,

Thus hy = (hihy "' )hy € Hy. Hence H; C H,.
Similarly we can show that Hy C H;.

MHHHHl

Hence H, = H,. So ¢ is injective.
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To show ¢ is surjective let us take K € (K).

Then we know that f~!(K) is a subgroup of G.

Now let h € ker f

—> f(h) =eqg, € K [as K is a subgroup of G{]

— he 1K)

= ker f C f}(K). Hence f~}(K) € H.

Now ¢(f~1(K)) = f(f~'(K)) = K [as f is an epimorphism] .
So ¢ is surjective and therefore ¢ is bijective.

To show ¢ is inclusion preserving map let Hy, H, € H with H; C H,.
Let k € ¢(H,) = f(H,y)

—> k = f(hy) for some hy € H; C H,

= k€ f(H2) = ¢(H2) = o(H1) C ¢(Ha).

Therefore ¢ is inclusion preserving map.
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Let H be a normal subgroup of G.

To show ¢(H ) is normal in G4 let us take g; € Gy and f(h) € f(H) = ¢(H), where h € H.
As f is surjective 3 g € G such that f(g) = g;.

Now as H is normal in G

ghg™! € H.

f(ghg™") € f(H)

flg)f(h)f(9)~" € f(H)

gif(h)gi" € f(H)

f(H) is normal in G, hence ¢(H) is normal in G.

A

Conversely let ¢(H) be a normal subgroup of G;.

To show H is normal in G let us take two elements g € G and h € H, then f(g) € G; and
f(h) e f(H)=¢(H). As ¢(H) is normal in G,

= fl9)f(h)f(g)~" € f(H)

= f(ghg™') € f(H).
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Thus there exists some hg in H such that f(hg) = f(ghg™!)
= f(ghg™")f(ho)™' = eq,

= f(ghg"hg') = eq,

— ghg 'hy' €kerf C H

— ghg~' = ghg 'hg'ho € H

Therefore H is normal in G.

Hence the theorem.
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With the help of the above correspondence theorem one can prove the following.

Theorem 0.23. Let K be a normal subgroup of a group G.

(1) If H is a subgroup of G, K C H then H/K is a subgroup of G/K.

(2) If T is a subgroup of G/K, then there exists a subgroup H of G such that H/K =T.
(3) The function 1 defined by (H) = H/K from the set of all subgroups of G that contains
K and the set of all subgroups of G/H s a bijective function.

(4) This bijective function 1 is inclusion preserving map i.e K C Hy C H, if and only if
H\/K C Hy,/K

(5) H is a normal subgroup of G with K C H if and only if H/K is normal subgroup of
G/K.
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