29/04/2020

VIVEKANANDA COLLEGE
THAKURPUKUR
KOLKATA-700063

NAAC ACCREDITED ‘A” GRADE

Topic: Group Homomorphism
Course Title: Isomorphism Theorems
Paper: CC4

Unit: 3

Semester: 2

Name of the Teacher: Jayeeta Saha

Name of the Department: Mathematics

©Vivekananda College, Thakurpukur



29/04/2020

MATHEMATICS

(HONOURS)
SEM-II( CC4,Unit-3)

(Isomorphism Theorems)

Dr. JAYEETA SAHA

ASSISTANT PROFESSOR
DEPARTMENT OF MATHEMATICS,
VIVEKANANDA COLLEGE, THAKURPUKUR

©Vivekananda College, Thakurpukur



Theorem 0.17. Natural Homomorphism:
Let H be a normal subgroup of a group G then the mapping 6 : G — G/H defined by

0(x) =zH, z € G is an onto homomorphism with kernel H.

Proof. To show 6 is a homomorphism let us take two elements xz, y from G.

Then #(z) = xH and 6(y) = yH.

Now 6(zyH) = xyH = (xH)(yH) = 6(x)6(y). This shows that ¢ is a homomorphism.
The identity element in the quotient group G/H is H,.
Ifrekerl & 0(zx)=H < xH =H & v € H. Therefore kerd = H.

Again for any aH € G/H has a preimage a in G as §(a) = aH, thus 6 is surjective. Hence

the result. L]

29/04/2020 ©Vivekananda College, Thakurpukur 3



Remark 0.18. This homomorphism ¢ is said to be the natural homomorphism from G
onto G/H.

Thus in conclution we can say that for any normal subgroup H in G there always exists
a homomorphism #, the natural homomorphism from G onto G/H. In particular when

H = G then € becomes the trivial homomorphism.
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Theorem 0.19. First Isomorphism Theorem:
Let G and G’ be two groups and ¢ : G — G’ be an onto homomorphism. Then the quotient

group G/ ker ¢ ~ G’

Proof. Let H = ker ¢, then H is a normal subgroup of G, so G/H is defined.
Let us define a mapping v : G/H — G’ by ¥(aH) = ¢(a), aH € G/H.

We now first show that 7 is well defined.

aH =dH

= a'd e H

= ¢(a™'d') = eq, [as H = ker ¢

= {$(a)} (@) = e

= ¢(a) = ¢(d)

= Y(aH) =11 (d H).

Therefore 1 is well defined.
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To show 1 is a homomorphism let us take two elements aH and bH.

U(aHbVH) = ¢(abH) = ¢(ab) = ¢(a)p(b) = ¥(aH ) (bH). Thus ¢ is a homomorphism.
Now 1/ is one-one because

U(aH) = v(bH)

= o(a) = ¢(b)

= ¢(a) "' B(b) = eq

= ¢(a'b) = eq

=abekerp=H

= aH =bH.

Again ¢ is onto, because each element of G’ is of the form ¢(a) for some a € G and as

é(a) =1 (aH), the preimage of ¢(a) is aH in G/H.

Thus ¢ is an isomorphism and hence G/H ~ G' i.e G/ ker¢p ~ G'.
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Theorem 0.20. Second Isomorphism theorem:
Let H and K are two subgroups of a group G with K normal in G.
Then H/(HNK)~ HK/K.

Proof. Since K is a normal subgroup of G, HK = {hk : h € H,k € K} is a subgroup of G
with K C HK C G,

Again K is normal in G = K is normal in HK. Hence HK /K is exists.

Now define a mapping f: H -+ HK/K by f(h) =hK,Vh € H.

Let f(hyhy) = hiho K = (h K)(hoK) = f(hy)f(hs). Thus f is a homomorphism.

Let aK € HK/K then 3 hy € H and ko € K such that a = hoky.
Now aK = hokoK = hoK = f(hg).|By definition of f]. Hence f is an epimorohism.
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Hence by First Isomorphism theorem H/ker f ~ HK/K
Now ker f ={h € H : f(h) = K}

—{he H:hK = K)

={he H:he K}

=HNK.

Thus H/(HNK)~ HK/K.
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Theorem 0.21. Third Isomorphism Theorem.:
Let Hy and Hs be two normal subgroups of a group G such that Hi € H-.

Then (G/H,)/(Hs/H,) ~ (G/H>).

Proof. To prove the theorem let us define a mapping
f:G/H, — G/H, by

flaH;) = aH,, Ya € G.

We now first show that f is well defined.

aH, = bH,

— o 'be H CH,

= aH, =0H,

= f(aHy) = f(bH;).

Thus f is well-defined.

29/04/2020 ©Vivekananda College, Thakurpukur



Next to show f is a homomorphism let us take two elements aH; and bH, from G/H,.
Then f(ﬂHleHl) = f((lel) = ﬂ-ng = (QHB)(E]HJ) = f(ﬂHl)f(hHl)

Hence f is a homomorphism.

Again let cH, € G/H, and then f(cH;) = cH,. Thus f is an epimorphism.

By first Isomorphism theorem (G/H;)/ker f ~ G/H,.

Now ker f = {aH, € G/H; : f(aH) = Hy}

={aH, € G/H, : aH, = Hy}

={aH, € G/H :a € H»}

— H,/H,.

Therefore (G/H,)/(H2/H;) ~ G/H,. O
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