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Theorem 0.20. Abel’s Theorem :

Let Z a,x" be a power series with radius of convergence R > 0. If the series converges
n=0

at the end point R of the interval of convergence (—R, R), then the series is uniformly
convergent on the closed interval [0, R]
Again if the series converges at the end point —R of the interval of convergence (—R, R),

then the series is uniformly convergent on the closed interval [—R,0].

o0 oo

Proof. Let Z a,z" converges at R i.e Z a, R" is convergent. Let us take € > (. Then 3
n=0 n=0

k€ N such that a1 R"™ + a0 R + - + 0,0y R <6, Y >k, p=1,2,3,...

Let s, = |la, B" ' +a,oR" 4+ 4+ a, R, r=123 .. ..
, + + + 3 g =y

Then |s,,| <€, Vn >k, p=12...
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Let x € [0, R]. Then |an+1$”+1 + Qpaox™ T 4 -+ sy P

= |ang1 R (5)" T + 0o R (F)" 2 4 - 4 Gy RYP ()P

= [sn1(F)""" + (sn2 = sn) ()" 4+ + (Sn,p— Snp—1)(F)""7|
= |sn1 {(_)nﬂ _ (ﬁ)m?} 1+ 3-?1,2{(%)”—'_2 _ (%)nﬂ} 4ot Sn,p_l{(%)wrp—l _ (%)nﬂ?} n
Snp()""7|
< 8 |[(B)FE — (£)2] + [852][(Z)™F2 — (£)F3] 4 - + [Spp || (Z)HP7L — (Z)HP] +
[snpl| ()™
< (B (Z) () = (B e+ ()M (2) 4 (2)7), Y > K
p=12,..
—€e(E)" <eVn>k p=12.

O
Thus Z a,z" converges uniformly on [0, R] by Cauchy criterion.
n=0
Similarly we can proof the second part of the theorem. L]
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Remark 0.21. If the power series Z a,x" has radius of convergence R and the series
n=0

is convergent at both the end points, then the power series is uniformly convergent on

“R,R)|

Theorem 0.22. Abel’s Theorem (Another form)

Let Y an,z" be a power series with radius of convergent 1.
n=>0

>0 >0
If Y a, be convergent the the series »  a,x" is uniformly convergent on [0, 1]
n=>0 n=0

Again if Y _(=1)"a, be convergent then the series Y _ a,x™ is uniformly convergent on

n=>0 n=>0
~1,0].

Proof. Similar proof. ]
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Theorem 0.23. Abel’s Theorem (Limit form)

Let Y a,x™ be a power series with radius of convergent R and let the sum of the series be
p g

n=>0
o0 =
f(x) on (=R, R). If the series Y _ a,R" be convergent then > a,R" = lim f(zx).
n=0 n=0 TR
o0
Proof. Since R is the radius of convergent of the series and » a,R" is convergent, the
n=>0

series is convergent uniformly on [0, R]. Let ¢(x) be the sum of the series on [0, R|. As each
term of the series is continuous on [0, R], the sum function ¢ is also continuous on [0, R].

Also ¢(z) = f(x) on [0, R). Since ¢ is continuous at R, ¢(R) = li]_};__l d(x) = 111}?1 f(x).
I— - I—H

Therefore ) a,R" = lim f(z). O

i r— R~
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Corollary 0.24. Let Z a,x" be a power series with radius of convergent 1 and let the
n=0

sum of the series be f(x) on (—1,1). Then
(1) if the power series be convergent at 1, then > a, = lim f(z)

n—0 r—1-

(2) if the power series is convergent at —1, then Y (—1)"a, = lim f(z)

n—0 r——17F

o0
Note 0.25. Converse of the Abel’s theorem is not true. For a power series Z a,xr’" with

n=0
00

radius of convergence I, 111‘151 f(z) may exists but the series Z a,x" may not converge at
r—h—
R.

For example let us take the series 1 —z+x° —2°+- - - whosh radius of convergent is 1. Then

sum of the series is — on (—1,1) and lim

z+1 r—1- T + 1
is not convergent at r = 1.

n=>0

—2but theseries 1 —z+ 22— 2 +---
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Example 0.26. Find the sum of the power series 1 +z + 22+ on its inerval of conver-
gence. Deduce the power series expansion of log(1 — x) and use Abel’s theorem to prove

that 1 — 545 — 4+~ =log2.

Solution: Let Z a,x" be the power series. Thena, =1,n=0,1,2,....
n=>0

T 1 . C
Therefore lim|a,|= = 1, so the radius of convergence of the power series is 1 and hence the
series is converges absoluely in (-1, 1).

Let sp(z)=1+z+---+2"! |z| < 1.

n 1
Then s,(z) = =2, 2| < 1 = lim s,(z) = x| < 1.

1= 11—z’
We know that a power series can be integrated term by term in any closed interval contained
in (—1,1). Let us take z with |z| < 1. Integrating the power series term by term on [0, 7]

or |z,0] we get
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0 i = [y dr+ [y vdr + [y 2?dx + -, with [z < 1.
Dr—lug(l—:r.)::r—l—%ﬁ—%—l—--- with |z] < 1

orlog(l —z) = -7 — & — & 4 ... with [z] < 1....... (1)

The power series on the right hand side at  =11is —(1+ 5 + 3 +---) is divergent and for

r = —1, the power series becomes 1 — % - % — -+ -is convergent.

log(l—z) = -2 — I; - % — ..., =1 < x < 1. Since the power series in (1) converges to

the sum log(1 — z) in (—1,1) and the power series converges at x = —1, by Abel’s test
1,1 _ _

l—5+3—- —IEE+IDg(1—I)—10g2 :
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