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Power Series

A series of the form ag + a;z + asz* - -- where ag,a;,as, -+ are real numbers is called
power series of real numbers.

The general form of the power series is ag + a1(x — xp) + as(z — ;;':[;,)'3 + -+ where
g, a1, a9, -~ € R ,which is called a power series about the point z;. This general form
can be transferred to the form ag + a,x + ayx®- -+ through the substitution y = = — .

Therefore to study the nature and properties of a power series one can consider only the

o0
form ag + a;z + asz® - - -, which is denoted by Z a,xr".

n=>0
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Example of power series:
L1+ +22+234--.

1, 1,2, 1.3
2. E—’—EI —|—§I +---

s 4]
3. Z nlz"
n=0

The first thing to notice about a power series is that it is a function of z. That is different

from any other kind of series that we have looked at to this point.

Some power series are CDI'lVEI'gEI’lt EEV'E'!I'}TWhEI'e whereas some power series are convergent

in an interval. There also exist nowhere convergent power series which are convergent only

for x = 0.
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[o.9]

Theorem 0.1. If a power series Z a,x" converges for x = x|, then the series converges
n=>0
absolutely for all real x with |x| < |z

o0

Proof. The series is convergent for z = z; = ) a,2] is convergent.
n=_0
This shows that lima,z] =0 = the sequence {a,z1} is bounded.

So there exists a real number k such that |a.n:1:"'ﬂ <Fk.,¥neN.

Now [anz"| = |an2] || 2-[" < k[[™

T
o0
By comparison test »  |a,z"| is convergent series for all z satisfying | < lie |z <|zy].
n=0
Hence the theorem. L

Note 0.2. It can be easily proof that if a power series diverges for x = z;, then the series

diverges for all real z with |z| > |z4].
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Theorem 0.3. If a power series E a,x" is neither no where convergent nor everywhere

=0

convergent then 3 a positive real number R such that the series is absolutely convergent for

all x satisfying |x| < R and divergent for all x satisfying |x| > R

The power series is neither no where convergent nor every where convergent,

. J¢(20), d € Rsuch that the series converges at ¢ and diverges at d.

Let 0 < ¢, < |c|and d; > |d| > 0. Then the power series converges at ¢, and diverges at
d,, clearly 0 < ¢; <dj.

Let I, = [¢;, d,]. Let AR 2 (c1+dy)-
If ¢, be a point of convergence of the power senes we take [¢], d,], otherwise we take

[&y &, Let this interval be I, = [c,, d,]. || = 2 (dy - ¢;)
Let ¢, = 2 (c, +dy). If ¢, is a point of convergence of the power series we take [,

d,], otherwise we take [cz, c2]
Let this interval be I = [c3, d5], |I5] = 2% (d,-¢)
Continuing this process we obtain a sequence {I,} with the properties :
(i) I,=Ic,d,). || === (dy-c)) >0asn—>
(i) I,,,< I,V nand

g g g ies.
(iii) c,, isa point of convergence and d,, is a point of divergence of the power sk
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Then by the Cantor’s intersection theorem, 3 a unique p such that p e ﬂIn ,
‘¢, <p<d Vnand 31;11p M ilgf d, n=|

Let x' be such that 0 < x' < p. Then 3 m e N such that ¥’ < €, <P
= the power series converges at x'

= the power series converges absolutely V' x satisfying |x] < x'

Since x' is arbitrary, the power series conver

ges absolutely V x satisfying |x| < p
Let x” be such that x"

>p. ThenJ k e Ns.t.psdk<x”

Since the power series diverges at d,and x" > dy,

= the power series diverges V x satistying |x| > x”
Since x> p i arbitrary, the

Hence p = R and the theore

the power series diverges at +”

power series diverges V satisfying |x| > p.
m i$ proved,
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Definition : (Radi ) : ies which is e
finition : (Radius of convergence) : Let Zanx be a power series which is neither no

n=()
where convergent nor every where convergent, then 3 a +ve real number p such that the series i
absolutely convergent V¥ x satisfying |x] < p and the series is divergent ¥ x satisfying ] > p. Then
p is called the radius of convergence of the power series. The interval (-p, p) is called interval of

convergence of the power series.
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Theorem 0.4. Cauchy -Hadamard Theorem:

. Fra— 1
Let Y a,a" be a power series and lim|a, |7 = p. Thenn

n=0

(i) 0 < p < oo = the powerr series is absolutely convergent for all x satisfying |z| < ﬁ
and is divergentfor all x satisfying |z| > i
(i) p =0 = the series is everywhere convergent.

(iii) |1 = +00 == the series is no where convergent i,e everywhere divergent.
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Proof :

o=

(i) Let0 < p < o0
Letu, 6 =a, =012 ..

: Y & Yo
Then lim Iunl = lim la,,l |x] = |x|

L

> u, converges absolutely if p Ix| < 1, i.e. if |x] < & [Cauchy’s root test]
n={)

Za”x" converges absolutely V' x satisfying |x| < &
n=0

If i |%| > 1, then Tim |a,x"|* = Tim |a,|* 2] = p |x| > 1

Then lim Iunlx' >1=> lim |u|>1

o lim fu, |20=limu,+#0

4

(ii)

7/04/2020

zun is divergent

n=90

Zanx" is divergent if |x| p > 1, i.e. |x| > %
n=0

p=0

1
Leta#0and €= AT

Now lim Ian|%' =0

L I
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= Jk € N such that Ian|%'<evn2k

= |a, o”| < zl,, Vn>k

ny . . 3
= ZI a o | Is convergent by comparison test, since Zl is convergent.

n=0 n=0 2"

= Zana" is absolutely cenvergent.
n={)
Since a. (# 0) is arbitrary, Za X" is divergent everywhere.

(lll) ML=+ n=0
If possible, let Za"x" be convergent at some [3 (# 0).
oo n=0
Then Zanﬂ" is convergent.
n=(

= {a, B"}, is bounded sequence of real numbers.
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= Jk> Osuch that Ja, B"| <kV n=01,2,..

= Ja[ <|Br

o

— {[ a, ,.‘-s;} is bounded, since {ﬁﬂ} is convergent and hence bounded.

TS v . ) N g
= lim ,a I’" is finite, a contradiction.
n

Za B” is convergent at some [ (0) is not true.

n=(0)
the series Za x" is everywhere divergent.
n=0 o
o0
Note: The radius of convergence of the power series Z a,z" is given by r = #
lim|aqy, | ™
n=_0

7/04/2020 ©Vivekananda College, Thakurpukur

12



Theorem 0.5. Ratio Test:

Let ) a,a" be a power series and lim |=22| = pi, then
n=0

(i) 0 < pp < oo == the power series is absolutely convergent for all x satisfying |z| < ﬁ
and is divergentfor all x satisfying |z| > i
(ii) t =0 == the series is everywhere convergent.

(iii) 1 = +00 == the series is no where convergent i,e everywhere divergent.
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Proof: (i) Let0 < <0
Letu,=a,x", n=0,1,2,..

Then, lim o | _ lim Gust |x| = px]
n—eo un n—yoo "
. by D’ Alembert’s ratio test, ) |u, | is convergent if p|x| < 1 ie. if || < &
n=0

Zanx" converges absolutely V x satisfying |x| < m

n=0
Bl
If u|x| > 1, then lim |2 > 1
n—oo .
Let € > 0 be such that [ - € > 1, where ll_r)n;—“ =]
n
U
Thendme N,I-g< —;’[Ll <l+eVn>m
n
un+l
=P —u—- >l—8>1\7'n_>_m

= |u,q|>|u,|Vn2m
= { Iunl}n is ultimately monotonic increasing.
14
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— lim |u |#0andso lim y =0
n—ee N

n—%e

Zun is divergent.

n=0

— za x" is divergent V x satisfying |x| > —
n=0

(i) p=0
Let x # 0 and W, = 1. X" n=0, 1.2, ..

o T Boc b >
Then lim |- = lim |22 |y =0 < 1
n—3ee: 1 U n—e | a4 :

by D’ Alembert’s ratio test Z u | is conver'gent.

= za x" is absolutely convergent V x(s 0) e R
=0

=% 2“ x" is convergent everywehre in R.
n=0
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(iii)

—

—
=

..
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IL=+ 00

If possible, let Za x" be convergent at some o (= 0)
n=0

Then Eana" is convergent.
n=0

Letu,=a, 0", n=0,1,2,..

un +1
un

Then lim

n—ee

= o0
n—oa

Let G > 1 be arbitrary. Then 3 m € N such that |21
|4, i) > |, | V n=m

>G>1Vn=m

{lu,]},, is ultimately monotone increasing sequence of +ve real numbers.
lim |y |#0andso lim u =0
n—jeo n-—yoo

Eu” s 1€, za"a" is not convergent, a contradiction to our supposition.

n=0 n=()
oo

Za”x" converges at some non zero x is not true.
n=()

za"x” is divergent everywhere.

n=(
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1

—_— = —

Note: The radius of convergence of the power series a,r" is given by r = -
n : ‘ lim | 2nt1
an

n=0

Remark:
a S b — 4 — |%n41
lim |[—2l] < lim ,a", < lim Ia,,l < lim ;+
L an n
a. : e .
if im |2t exists then lim lanl exists, but the converse is not true.
n-—eoo n H—>oo

From this it follows that if ratio test is applicable to a series then Cauchy-Hadamard
test is applicable while there are series where Cauchy-Hadamard is applicable but

the ratio test fail to be applicable.

. 3+ED
Leta, = 5 @B | (5

The sequenceis {1,2, 1,2, 1,2, ...}
=
Here liman}{' = ], since limazl/f," =lim2%u =1 and lim aiézn_-ll =lim1>! =1

a
But lim ;—” does not exist.
n
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