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Note 0.13. A power series can be differentiated term by term within the interval of con-

vergence.

Theorem 0.14. Let R > 0 be the radius of convergence of the power series of Z ApT"

and f(z) be the sum of the series on (—R, R). Then f*(0) = klay, k=0,1,2,... .n:D
Proof. f(zx) = ag+ a1z + asz® +azz* +--- on (=R, R).
= f(0) = ag so f°(0) = 0lay.
Differentiating term by term, we get f'(z) = a; 4+ 2a2x + 3a3x* + -+ on (=R, R).
= f'(z) =a; so f’(U) = 1la;.
Again ditferentiating term by term we get f”(z) =1.2a2 + 2.3z +... on (—R, R)
= f"(0) = 2la,.
Continuing the process we obtain f*(0) = klay, or aj, = 1{!0}, k=0,1,2,... O
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Definition 0.15. If a function f defined on some neighbourhood of 0 has derivatives of
all orders on that neighbourhood then the series f(0) + f/(0)z + £ 5 L2y ] ”;T g® +
called the Taylor's series of f about the point 0.

Remark 0.16. From the above theorem we know that the power series takes of the form

f’ﬂ
E (1 ):1:“'} which is the Taylor’s series of the sum function about the origin.Thus every
n! '
n=>0

power series is a Taylor’s series of its sum function.

Now the question aries if a function f having derivatives of all orders on some neighbour-

hood of 0 and the Taylor’s series Z ! (1 ),
- n!

have f as is sum function on hat neighbourhood'f

" be constructed does this power series will

The answer is "NO".
For example let us take the function f(z) = e, 1 # 0 with f(0) =
Then f*(0) =0 for n = 0,1,2,... The Taylor series of f about 0is 0+ 0+ 0+ ... and

this converges to 0 not to f.
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Theorem 0.17. UNIQUENESS THEOREM

If two power series takes the form »  a,x™ and > b,x™ converge in the same interval
n=>0 n=0

(—R, R) to the same function f, then a, =b,, Yn=1,2,...

Proof. We have, ag + a1z + a2* + - -+ = f(x) = by + byz + byz®--- on (—R, R).

Putting z = 0,a9 = f(0) = by

Differentiating term by term both the series on (— R, R).

a1 4 2a9% + 3azz® + -+ = f'(x) = by + 2byx + 3b3z° + - -+ on (=R, R),

Putting x = 0,a; = f'(0) = b;. Continuing this process we obtain a; = f*(0) = b, Vk.

ay =b,, Vn=0,1,2,---. O
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Example 0.18. Find the exact interval of convergence of the power series 1 — :_E:,_—z + IT: — e

oo
Solution: Let us take y = z*, then the series becomes Z a,y". where ag = 1 and

n=(0

n . 2n+1
Now lim |'EI L = lim Ty
n—eo ' q, n—oo 2n 4+ 3

CK;.
So by ratio test radius of convergence of the power series Z a,y" is 1.

n=>0

o0
Therefore ) " a,y™ is absolutely convergence for |y| <1 = for |2*| < 1.

n=>0
i~
Y a,z*" converges for |z| < 1.
n=0
Again for |z| =1 the series becomes 1 — 2 + 1 — - -+, convergent by Leibnitz test .
Therefore 1 — I—; + x—j — -+ converges in the interval [—1, 1]
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Example 0.19. Prove that the power series Z 2] " is convergent everywhere.
n=>0 nj:
Solution: Here a,, = {Sn.}_ =0.1,2,.
a entl  opl e
Now lim || = lim = lim

n—oo’ @, n—oo (2n +2)! e n—=oe (2n42)(2n 4+ 1) B
So by ratio test the radius of convergent of the power series is oo. Thus the series is

EVEI‘YWIIEI‘E CDI’lVEI‘gEI’lt.
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