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Notations:

In the following we will represent matrices by the capital letters either as [A] or A. Only the matrix
representing the metric tensor will be given by ¢. Transposes will be given by A. Four vectors will be given
by the boldfaces like x. The corresponding column matrices will be given by just z. Summations over the
space-time indices will be given by the Greek letters while the summations over the spatial indices will be
given by the Roman letters. Inner product of the four vectors will be given by either x.y or just as z.y.
Spatial vectors will be given by .

I. A MATHEMATICAL FORMULATION OF THE MINKOWSKI SPACE

In the low-velocity Newtonian mechanics space and time are separately assumed to be absolute. This had
been an outcome of the experiments associated with the motions of material particles when the velocities
are small compared to that of the light in vacuum. The corresponding relativity principles which relate
the space time coordinates of a given event as is observed in two different inertial frames are known as the
Galilean principle of relativity.

If we synchronize two set of clocks at rest in two different inertial frames such that both the set assign the
same value of time for a given event, the value of time assigned by each set to any other event will be the
same. Thus we will have t = ¢’ valid for any event and time can be regarded as absolute.

The spatial coordinates of a given event as is observed in two different inertial frames are related by the
well known relation: =’ = x — vt, where v is the velocity of the frame F’ w.r.t I in the positive X-direction
of F. In general 2’ is different from 2 and we find space can not be absolute in the same way as time is. Still
the concept of absolute space was introduced by Newton to explain the inertial forces. Any observer, in an
accelerated motion w.r.t the absolute space, experiences the inertial forces. An example is an accelerating
train. It had been a long standing issue to locate an inertial frame which is at rest w.r.t the absolute space
and is thereby distinct compared to the other inertial frames.

We have learnt from the Special theory of Relativity that we have to discard the concept of absolute space
and absolute time. The first postulate of Einstein ruled out the existence of any prejudiced inertial frame.
The second postulate predicted that simulteneity is a relative concept and time no longer remain absolute.

Herman Minkowski, a Polish mathematician, combined the two postulates of Einstein into a single math-
ematical axiom. The axiom is that ” all natural laws must be expressible as tensor field equations on a (flat)
absolute space-time manifold”. A tensor field equation is a mathematical formulation of the Physical laws
which remains to be of the same form in all the inertial frames. To illustrate, one can consider the inhomo-
geneous equation satisfied by the electromagnetic field tensor. In a particular inertial frame this equation is
given as: 0,F" = —4Zjt In another inertial frame this equation becomes: 9, F'" = —4Z /" Although
the magnitudes of the physical quantities can be different in the two frames, the form of the equations
remain the same. Thus all the reference frames are equivalent as far as the relations between the different
physical quantities measured in a single frame are concerned. The absoluteness here refers to the fact that
the space-time remains unaffected by the presence of matter and its motions.

This absolute space-time is referred to as the Minkowski space. Physical quantities are represented by
scalars, vectors and tensorial quantities in this space. The three dimensional vector space of the position
vectors in the Newtonian mechanics are generalized to the four dimensional vector space known as the
Minkowski vector space. The elements of this vector space are the four dimensional position vectors whose
components are the space-time coordinates of a particular event. We now give an axiomatic formulation of
the Minkowski space.

The Minkowski vector space V is a vector space defined over the field of the real numbers R. The elements
of V satisfy the following axioms.

Axioms of addition:

Al.a+beV VabeV

A2. a4+ b=b+a VabeV

A3. (a4+b)+c=a+ (b+c) VabeceV

A4. Thereis0 e V suchthat 0 + a=a VaeV

A5. For all a € V there is -a € V such that (-a) + a=0

Axioms of multiplication by scalars:

Ml. ca€eV VaeV, VaeR

M2. a(fa) =afa VacV, Vo, €R

M3. la=a VaeV

M4. a(a 4+ b) =aa+ab VabeV, Vae R

M5. (a+pla=caa+pPa VYaeV, Va,f€R



Axioms of product:

Apart from the axioms of addition and the axioms for multiplication by the scalars, there are a set of
axioms of product. Thus the Minkowski space is a normed vector space similar to the ordinary vector space
of the three dimensional position vectors although the structure of the inner product (or the scalar product)
in the Minkowski space is different from that of the ordinary vector space of the three dimensional position
vectors as we will find in the following.

Pl.abeR VabeV

P2. ab=ba VabeV

P3. a.(b + c)=ab+ac Vab,ceV

P4. The axiom of nondegeneracy: ax =0 Vx €V if and only if a = 0.

This axiom makes the Minkowski space different from the ordinary vector space of the three dimensional
position vectors. The norm of a three dimensional position vector is positive definite (> 0) and P4 is replaced
by,

7.7 > 0 and the equality holds if and only if ¥ = 0.

The norm of a three dimensional position vector is given by 7.7 = 22 4+ y? + 22. thus the norm is always
positive and the only case when the norm can be zero is the case when all the three coordinates are vanishing
which is the null vector. The ordinary vector space of the three dimensional position vectors is known as
the Euclidean vector space and is denoted by E3. Axiom P4 indicates that merely a.a = 0 does not assure
us that a = 0. The norm of a four vector in the Minkowski space with non-zero components may be zero.
A four vector may be said to be the zero vector (all the components are zero) if it has vanishing inner
product with all the other four vectors. Thus four vectors in the Minkowski space can have positive, zero or
negative norms. A four vector which has zero norm is usually known as a null vector. The vector with all
the components vanishing is known as the zero null vector or the zero vector. This axiom is the first axiom
that distinguishes V' from Ej3.

In addition to the above axioms we impose the aziom of dimensionality on the Minkowski space:

D1. Dim[V] =4

Let us now introduce a basis in the Minkowski space. Since the dimension of V' is 4 we can introduce a
set of four linearly independent four vectors {€1, €a, €3, €4} in the Minkowski space such that any vector can
be expressed as a linear combination of these bases:

a=a'é + a’éy + a®é5 + a'éy (1)

The norm of a four vector is given by,

a.a=a%"(¢,.¢5) = a“a’gap (2)

Where we have introduced the metric tensor whose components in the basis {€1, €, €3, €4} are given by
the following expression:

JaB = €u.-€3 (3)

Let us consider the 4 x 4 matrix g whose components are g,g. From the axiom P2, we find that g is
a symmetric matrix gog = gso. Hence the eigenvalues of g are real. We next consider the characteristic
equation:

lg—A|=0 (4)

Where |A| means the determinant of the matrix A and A are the eigenvalues.

The above equation indicates that we can find a basis {€,,} in Vi such that the metric g is represented by
a diagonal matrix in terms of these bases,i.e, €,.€, = A0,

From the axiom of nondegeneracy it follows that A, # 0.

[Note: To show this let us assume that one of the eigenvalue, A\; = 0. Then we have, €;.€; = 0. Hence for
all x € V; we have,

x.€; = 0 as x can be expressed as x = ) 2#€,,. From the axiom of degeneracy we then have, € = 0.]

The signs of A\, can be positive or negative. We introduce the aziom of signature:

S1. A1 > 052, A3, 04 <0

[Note: The choice A1, Aa > 0; A3, Ay < 0 which is consistent with P4 and D1 is not adopted.]



The aziom of nondegeneracy, the axiom of dimensionality and the axiom of signature are the new physical
input to the mathematical structure of space-time.
We define two four vectors to be M-orthogonal if,

ab=0 (5)

We now state the following theorem without proof:
Theoreml: There exist an M-orthonormal basis {€71, €3, €3, €4} in Vj such that,

JaB = €a-€3 = dug (6)
where
1 0 0 O
0-1 0 O
das =10 o _1 0 (7)
0o 0 0 -1

is the Lorentz metric.
The separation of a four vector is defined as o(@) = Vad.



II. INADEQUACY OF THE CONCEPT OF LENGTH AND ANGLE IN THE MINKOWSKI
SPACE

You are familiar with the timelike, null and spacelike vectors in the Minkowski space which indicates the
inadequacy of the concept of length in the Minkowski space. We now discuss the inadequacy of the concept
of angle in the Minkowski space.

Let us consider a set of vector in V: u =¢€y, v, = €1 + “T’lell; where n is a positive integer.

We then have the following expression as the angle between (u,v,) :

cos(u, vy) = __uve) (8)

(uu)(vp.va)

- V(2n—1)

Which tends to infinity as n increases and hence the concept of angle between two vectors become mean-
ingless. We can also consider the null vectors which are M-orthogonal to themselves. Thus the condition of
M-orthogonality is just a name.

Three Theorems: The following three theorems have numerous applications in Quantum Field Theory and
also in General Theory of Relativity. Here we only state them. Look at the class notes for a proof of the
first.

Theorem1: No two timelike vectors in V4 can be M-orthogonal.
Corollary: Let u,v be two timelike four vectors in V4 with both ug,vg > 0(< 0). Then u.v > 0.

Theorem?2: A timelike vector can not be M-orthogonal to a non-zero null vector.

Theorem3: Two non-zero null vectors are M-orthogonal if and only if they are scalar multiple of each
other.

These theorems are important in Quantum Field Theory. We give two examples:

1. To discuss the Pauli-Lubanski vector, important to describe the intrinsic angular momentum (spin) of
the elementary particles.

2. The decomposition of the four potential in the Scalar, Longtudinal and transverse components w.r.t
the null wave vector.

You can find the details in the text book of Itzykson-Zuber.



