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10.1 The Need for Quantification
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thods we have developed so far.
at we can test deductive arguments
arguments of one certain type, those whose validity de-
ways in which simple statements are truth-functionally
combined into compound statements, Applying elementary argument forms
and the rule of replacement, we draw inferences that permit us to discriminate
valid from invalid arguments of that type. This we have done extensively.
When we confront a rguments built of propositions that are not compound,
however, those techniques are not adequate; they cannot reach the critical ele-
ments in the reasoning process. Consider, for example,

the ancient argument
All humans are mortal.

Socrates is human.

Therefore Socrates is mortal.*

*It was to arguments of this type that thg ‘classi(.ll or (\ristotolian l(_);;it was primarily de~.
voted, as described in Chapters 5 and 6. Those U‘d.dltlnl'\d] methods, hkoever, do not [._103-
sess the generality or power of the newer s‘\’ﬂ}hnlu‘ logic qnd cannot be extended to cover
all deductive arguments of the kinds we are likely to confront.
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and on this analysis it appears to be invalid. What is wrong here? The diffi
arises from the fact that the validity of this argument, which is »}fng :
clear, depends on the inner logical structure of its premises, and thatinn TS
ture cannot be revealed by the system of symbolizing statements s .
developed thus far. The symbolization immediately above, plainly too blun, -
is the best we can do without quantifiers. That is bec.ause the propositions ko
this valid argument are not compound, and the techniques presented th“’if_‘?'t_‘;
which are designed to deal with compound statements, can‘not deal adequg oLy
with noncompound statements. A method is needed with which noncoms =
pound statements can be described and symbolized in such a way that their
inner logical structure will be revealed. The theory of quantification provides
that method. ; L
Quantification enables us to interpret noncompound premises as com-
pound statements, without loss of meaning. With that interpretation we cm”
then use all the elementary argument forms and the rule of replacement (as Wé A
have done with compound statements), drawing inferences and proving va-
lidity or invalidity—after which the compound conclusion reached may be i
transformed (again using quantification) back into the noncompound form
with which we began. This technique adds very greatly to the power of our -
analytical machinery. ' -_
The methods of deduction developed earlier remain fundamental; quanti-
fiers do not alter the rules of inference in any way. What has gone before may
be called the logic of propositions. We now proceed, using some additional sym= =
bolization, to apply these rules of inference more widely, in what is called the =
logic of predicates. The inner structure of propositions, the relations of subjects =
and predicates, is brought to the surface and made accessible by quantifiers.
Introducing this symbolization is the next essential step. '3

0

10.2 Singular Propositions

We begin with the simplest kind of noncompound statement, illustrated by "
the second premise of the illustrative argument above, “Socrates is human.”
Statements of this kind have traditionally been called singular propositions. An
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(as ordinary grammar and traditional logic both agree), and human is the pred-
mmmmdm:mmmhwukm
designates some attribute that individual is said to have.

The same subject term, obviously, can occur in dﬁmmguhrp:opod
mwfmymmt“somteshmoml"m“&mmbfat, or “Socrates
is wise,” or “Socrates is beautiful.” Of these assertions, some are true (the
first and the third), and some are false (the second and fourth)* Similarly,
the very same predicate term can occur in different singular propositions.
The term human is a predicate that appears in each of the following:
“Aristotle is human,” “Brazil is human,” “Chicago is human,” and “O’Keeffe
is human”~of which the first and fourth are true, while the second and third
are false.

An “individual” in this symbolism can refer not only to persons, but to
any individual thing, such as a country, a book, a city, or anything of which
an attribute (such as human or heavy) can be pred:cated Attributes do not
have to be adjectives (such as “mortal” or “wise”) as in our examples thus
far, but can also be nouns (such as “a human”). In grammar the distinction
between adjective and noun is important, of course, but in this context it is
not significant. We do not need to distinguish between “Socrates is mortal”
and “Socrates is a mortal.” Predicates can also be verbs, as in “Aristotle
writes,” which can be expressed alternatively as “Aristotle is a writer.” The
critical first step is to distinguish between the subject and the predicate terms,
between the individuals and the attributes they may be said to have. We next
introduce two different kinds of symbols for referring to individuals and to
attributes.

To denote individuals we use (following a very widely adopted conven-
tion) small, or lowercase letters, from a through w. These symbols are
individual constants. In any particular context in which they may occur, each
will designate one particular individual throughout the whole of that context.
It is usually convenient to denote an individual by the first letter of its (or his
or her) name. We may use the letter s to denote Socrates, a to denote Aristotle,
b to denote Brazil, ¢ to denote Chicago, and so forth.

*Here we follow the custom of ignoring the time factor, and use the verb “is” in the tense-
less sense of “is, will be, or has been.” Where considerations of time change are crucial, the
somewhat more complicated symbolism of the logic of relations is required for an adequate
treatment,
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tant to note the pattern. ehaw compon 3y
s with the same attribute symbol, H, and is follow
sor e individual, s or a or b or ¢, and so forth. We We could write
“H—" where the dash to the right of the predicate stb"l i’ A
for some individual symbol. This pattern we symbohze:asmm
[sometimes written as H(x)] to symbolize the common pattern of a
propositions that attribute “being human” to some individual. The I
SIS i called an individual variable—it is simply a place marker, indicating
i' A the various individual letters a through w (the individual constants) r
> written. When one of those constants does appear in place of x, we.
singular proposition. The letter x is available to serve as the variable b
by convention, a through w are the only letters we allow to serve as ind :
constants. 2 ;..
Let us examine the symbol Hx more closely. It is calle called a proposlhml -
tion. We define a propositional function as an expfessnon that (1) conta
Wle and (2) becomes a statement when an individual constan
is substituted for the individual variable.* So a propositional function is nofi
self a proposition, although it can become one by substitution. Individual cmé'
stants may be thought of as the proper names of individuals. Any smgul‘
proposition is a substitution instance of a propositional function; it is the result
of substituting some individual constant for the individual variable in tl\at
propositional function. TE
A propositional function normally has some true substitution mstancu
and some false substitution instances. If H symbolizes human, s symbohzes {
Socrates, and ¢ symbolizes Chicago, then Hs is true and Hc is false. With the =
substitution made, what confronts us is a proposition; before the substitution
is made, we have only the propositional function. There are an unlimited num-
ber of such propositional functions, of course: Hx, and Mx, and Bx, and P:é, E

*Some writers regard “propositional functions” as the meanings of such expressions, but i
here we define them to be the expressions themselves,
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In this latter formulation, the word"thét" isa :glat,iv_e pl'PllOlm it

v

“Something is beautiful.” This may also be expressed as
" There is at least one thing that is beautiful. RS

to the word “thing,” Using our individual variable x once

both the pronoun “that” and its antecedent “thing,” we may rew :

general proposition as , o it
There is at least one x such that x is beautiful. BT e,

Or, using the notation for predicates, we may write

There is at least one x such that Bx.

“(3x)” which is called the existential quantifier. Thus the second
proposition may be completely symbolized as &t

(3x) Bx

which says, with great penetration, “Something is beautiful.” e
Thus we see that propositions may be formed from propositional f
tions either by instantiation, that is, by substituting an individual consta
its individual variable, or by generalization, that is, by placing a universa
existential quantifier before it. g 20
Now consider: The universal quantification of a propositional funct
(x)Mx, is true if and only if all its substitution instances are true; that is
universality means here. It is also clear that the existential quantification
propositional function, (3x)MLx, is true if and only if it has at least one true
stitution instance. Let us assume (what no one would deny) that there ex
least one individual. Under this very weak assumption, every proposit
function must have at least one substitution instance, an instance that may
may not be true. But it is certain that, under this assumption, if the uni
quantification of a propositional function is true, then the existential qua
cation of it must also be true. That is, if every x is M, then, if there exists at
one thing, that thing is M. Y
Up to this point, only affirmative singular propositions have been gx
substitution instances of propositional functions. Mx (x is mortal) is a pm DC
tional function. Ms is an instance of it, an affirmative singular proposition tha §
says “Socrates is mortal.” But not all propositions are affirmative, O \e may
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e Nowwearveinapositiontolistand illustrate a series of i portant connec-
tions between universal and existential quantification, A t

First, the (universal) general proposition “Everything is mortal” is denied
by the (existential) general proposition “Something is not mortal.” Using sym-
bols, we may say that (x)Mx is denied by (3x) ~Mx. Because each of these is

the denial of the other, we may certainly say (prefacing the one with a nega-
tion symbol) that the biconditional

~(x)Mx = (3x) ~Mx
is necessarily, logically true.

Second, “Everything is mortal” expresses exactly what is expressed by
“There is nothing that is not mortal”—which may be formulated as another
biconditional, also logically true:

~(X)Mx = ~(3x) ~Mx

Third, it is clear that the (universal) general proposition, “Nothing is mor-
tal,” is denied by the (existential) general proposition, “Something is mortal.”
In symbols we say that (x) ~Mx is denied by (3x)Mx. And because each of
these is the denial of the other, we may certainly say (again prefacing the one
with a negation symbol) that the biconditional

~(x)~Mx = (3x)Mx
is necessarily, logically true.
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Graphically, the general connections between universal and existent
quantification can be described in terms of the square array shown

Figure 10-1.
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of these four types are the following:

‘humans are mortal. (universal affirmative: A) &t nrnn'ﬂ
" : 3 { > \ln '_fﬂ}"
(universal negative: E)
(particular affirmative: 1)

‘Some humans are not mortal.  (particular negative: O)

\ of these types is commonly referred to by its letter: the t
ypositions, A and I (from the Latin affirmo, I affirm); and the two negatme,
posmons, E and O (from the Latin nego, I deny).* it
~ Insymbolizing these proposmons by means of quanhflers, we are led

"f_"wpoesswe paraphrasings, beginning with

5

Given any individual thing whatever, if it is human then it is mor'cat'l
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L “Msymbolic translation, th.e A Mﬁon appears as the unive
* tification of a new kind of propositional function. The expression Hx

- lost.” There are many ways, in English, of saying the same thing. -
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a propositional function that has as its substitution instances neither a
tive nor negative singular propositions, but conditional statem
antecedents and consequents are singular propositions that have tk
subject term. Among the substitution instances of the propositional f
Hx S Mx are the conditional statements Ha D Ma, Hb O Mb, He O Mc,
and so on. . WEA
There are also propositional functions whose substitution instances ar
junctions of singular propositions that have the same subject terms. T |
conjunctions Ha * Ma, Hb * Mb, He ® Mc, Hd * Md, and so on, are subst
instances of the propositional function Hx ¢ Mx. There are also proposit
functions such as Wx v Bx, whose substitution instances are disjunctions &
as Wa v Ba and Wb v Bb. In fact, any truth-functionally compound stat
whose simple component statements are singular propositions that all ha
same subject term may be regarded as a substitution instance of a prop
function containing some or all of the various truth-functional connectives:
wedge, horseshoe, three-bar equivalence, and curl, in addition to the sir
predicates Ax, Bx, Cx, Dx, . . .. In our translation of the A proposit
(x)(Hx O Mx), the parentheses serve as punctuation marks. They indi
that the universal quantifier (x) “applies to” or “has within its scopi
entire (complex) propositional function Hx O Mx. & Mo
Before going on to discuss the other traditional forms of categori
sitions, it should be observed that our symbolic formula (x)(Hx O Mx)
lates not only the standard-form proposition, “All H's are M’s,” but any
English sentence that has the same meaning. When, for example, a ch:
in Henrik Ibsen’s play, Love’s Comedy, says, “A friend married is a friel
that is just another way of saying, “All friends who marry are friend

1
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Anything thatis HisM. Y mmtwm hriMc,
IfanythmglsH,ltlsM. b A ¥ ak er 3t Ly RS
If something is H, it is M. - (e

Whatever is H is M.

H's are all M's. T : 91 M AR
Only M's are H's. P T PR
None but M’s are H's. : Y .
Nothing is an H unless it is an M.
Nothing is an H but not an M.
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To evaluate an argument we must understand the language in which the
propositions of that argument are expressed. Some English idioms are a little
misleading, using a temporal term when no reference to time is intended.
Thus the proposition, “H’s are always M’s,” is ordinarily understood to mean
simply that all H's are M’s. Again, the same meaning may be expressed by the
use of abstract nouns: “Humanity implies (or entails) mortality” is correctly
symbolized as an A proposition. That the language of symbolic logic has a sin-
gle expression for the common meaning of a considerable number of English
sentences may be regarded as an advantage of symbolic logic over English for
cognitive or informative purposes—although admittedly a disadvantage from
the point of view of rhetorical power or poetic expressiveness.

Quantification of the A Proposition

‘The A proposition, “All humans are mortal,” asserts that if anything is a
human, then it is mortal. In other words, for any given thing x, if xis a
then x is mortal. Substltutmg the horseshoe symbol for "1f-then we
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Of these four, the A and the O are contradictories, each being the denial
the other; E and I are also contradictories. R E00
’ 1t might be thought that an I proposition follows from its corre g A
' proposition, and an O from its corresponding E, but this is not so. An A propo-
tion may very well be true while its corresponding 1 proposition is false.
Where ®x is a propositional function that has no true substitution instances,
then no matter what kinds of substitution instances the propositional func-
| tion Wx may have, the universal quantification of the (complex) propositional
function ®x D Wx will be true. For example, consider the propositional func-
tion, “x is a centaur,” which we abbreviate as Cx. Because there are no centaurs,
every substitution instance of Cx is false, that is, Ca, Cb, Cc, . . . , are all false.
Hence every substitution instance of the complex propositional function Cx D Bx
will be a conditional statement whose antecedent is false. The substitution
instances Ca O Ba, Cb D Bb, Cc D B, .. ., are therefore all true, because any con-
ditional statement asserting a material implication must be true if its antecedent
is false. Because all its substitution instances are true, the universal quantifi-
cation of the propositional function Cx O Bx, which is the A proposition
x)(Cx D Bx), is true. But the corresponding I proposition (3x)(Cx ¢ Bx) is false,
because the propositional function Cx ® Bx has no true substitution instances.
That Cx ® Bx has no true substitution instances follows from the fact that Cx has
no true substitution instances. The various substitution instances of Cx * Bx are
Ca ® Ba, Ch » Bb, Cc * Be, ..., each of which is a conjunction whose first con-
junct is false, because Ca, Cb, Cc, . . ., are all false. Because all its substitution in-
stances are false, the existential quantification of the propositional function
Cx * Bx, which is the I proposition (3x)(Cx ¢ Bx), is false. Hence an A proposition
may be true while its corresponding I proposition is false. ity




centaurs.
’l‘heleeytothemattu‘isﬁ\ls Apmposiﬁmmdt ro
assert or suppose that anything exists; theyassertonlyt!ut(lf
another) is the case. But I propositions and O propositions do s
some things exist; they assert that (this and the other) is the case. The
tial quantifier in I and O propositions makes a critical diffm ;
plainly be a mistake to infer the existence of anythingfmm ap '
does not assert or suppose the existence of anything. ’

If we make the general assumption that there exists at least one individ
then (x)(Cx D Bx) does imply (3x)(Cx D Bx). But the latter is not an I propo-

sition. The I proposition, “Some centaurs are beautiful,” is W s
(3x)(Cx * Bx), which says that there is at least one centaur that is E But
what is symbolized as (3x)(Cx D Bx) can be rendered in English as
least one thing such that, if it is a centaur, then it is beautiful.” It de
that there is a centaur, but only that there is an individual that is either
centaur or is beautiful. This proposition would be false in only two p
cases: first, if there were no individuals at all; and second, if all ind
were centaurs and none of them was beautiful. We rule out the first ¢
makmg the exphcxt (and obviously true) assumptlon that there is at Pas

that any proposition of the form (3x)(Px O Wx) is bound to be quite trivial, ir '
contrast to the significant I form (3x)(®x * Wx). The foregoing shonldw
clear that, although in English the A and I propositions “All humans X
mortal” and “Some humans are mortal” differ only in their initial words, '
and “some,” their difference in meaning is not confined to the matter
universal versus existential quantification, but goes deeper than that.
propositional functions quantified to yield A and I propositions are not -
differently quantified; they are different propositional functions, one con
ing “D,” the other “¢.” In other words, A and I propositions are not as n
alike as they appear in English. Their differences are brought out very
in the notation of propositional functions and quantifiers.
For purposes of logical manipulation we can work best with formi
which the negation sign, if one appears at all, applies only to simple p
cates. So we will want to replace formulas in ways that have this result.
we can do quite readily. We know from the rule of replacement estab j
in Chapter 9 that we are always entitled to replace an expression by '
that is logically equivalent to it; and we have at our disposal four log
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, And finally, when we invoke the definition of Material Implication. original
; formula is rewritten as the A proposition i g
| (x)(Fx D Gx) :

ments, the reader should acquire some practice in translating noncompouhd
statements from English into

logical symbolism. The English language has so
many irregular and idiomatic constructions that there can be no simple rules
for translating an English se

ntence into logical notation. What is required in
each case is that the meaning of the sentence be understood and then restated
. in terms of propositional functions and quantifiers.

EXERCISES

A. Translate each of the following into the logical notation of propositional
functions and quantifiers, in each case using the abbreviations suggested and
making each formula begin with a quantifier, not with a negation symbol.

. 2

M EXAMPLE

- No beast is without some touch of pity. (Bx: x is a beast; Px: x has so?\e
touch of pity.) |



